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Abstract: In this paper a subclass of p-valent (or multivalent) harmonic func-
tions defined by using Novel Integral Operator in the open unit disc has been
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bounds,closure theorems convex and closure properties have been studied.
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1. Introduction

f(z)=2"+ Z Chip?"P(p € N) (1.1)
k=1

which are analytic in the open unit disk D={z € C': |z| < 1}.
A continuous function F = H + iG is a complex valued harmonic function in
a complex domain C , if both U and V are real harmonic in C. In any simply
connected domain D C C,we can write F=H+G,. We call H the analytic part and
G the co-analytic part of F. A necessary and sufficient condition for F to be locally

univalent and sense-preserving in D is that |H'(2)| > |G'(z)| in D (see Clunie and
Sheil-Small [6]).
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Denote by C(p) the class of functions F=H+G, that are harmonic multivalent
and sense-preserving in the unit disk D={z € C': |z| < 1}. The class C(p) was
studied by Ahuja and Jahangiri [1] and class C(p) for p=1 was defined and studied
by Jahangiri et. al. in [8]. For F=H+G € C(p), we may express the analytic
functions H and G as:

2) =2+ a2 G(2) E}Hﬁﬂ@em (1.2)

k=0

where z € D,|b,| < 1.
Now for f(z ) of the form (1.1), Lasode etal. [9] have defined the Novel integral
operator I, b for p-valent (or multivalent) functions is as

Itf(2) = f(2)

1M (z) = / ct "t — )+ FQOIAC = Lf(2), (> 0)
+b u—1)

12 (z) = Ltu;,if( )

L f(2) = LIt f(2)).

which, in general, means
Ly f(2) = LIy, " f(2))-
or in general, it is easily seen that
1
In,t — » oo
b,uf(z) z +Zk:1 [1+(k+p—|—b—u—1)t]”
Let I:Jf(z) =22+ > 0 Uk, p, bty u) ey p2 TP
where .
" k’ ) b’ t’ =
Vil p bt ) = e T
(b,t > 0,u €[0,b],p € N,n € Ny, z € D).

Remark. 1. Igﬁf(z) = Igff(z) = [lg’gf(z) = f(z) € C(1) [2] where C(1) is the
class of functions of the form

k+p

Cl+p2

(1.3)

—z+§:%1z (k € N) (1.4)

2. Igfg,lf(z) = I f(2) = I"f(2) is the Salagean integral operator [11,7] for p=1.
3. Igf’btf(z) = I} f(z) = I™ f(2) is the Al-Oboudi-Al-Qahtani integral operator
3,4, 10].
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Now we define a new subclass ZZ’i(l{:,p,a, B) of Harmonic functions F(z) €
C'(p), which satisfy the conditions

(1+ ae”)z(Iy, F(2))
6 i
I F(2)

—ozew} > B, (1.5)

for0<pg<1l,pe N,ne Ny=NU(0)
or equivalently

]%{u+awmamﬁﬂam—kuﬁawwn_%w}Zﬁ

1.6
[gfjlfH(z)jL[l:;fG(z) (1.6)

For H(z) and G(z) given by (1.2), we obtain

LUWH(z) = 2"+ > 4™ (k,p, bt u)ags 27 (1.7)
k=1

Il:;fG(Z) = Z¢n(k’p7 bat7u)bk+pzk+p (18)
k=0
We also let CEZ’i(k,p, a,fB) = ZZﬁ(kj,p, a, )N C(p).
In this paper we determine the Coefficients inequality, Distortion theorem, Ex-
treme points, Closure property, Convolution and Convex properties for the class

CSy(k,p,a, B).

2. Coefficients Inequality
We will first derive a sufficient condition for the functions of the class Eaﬁ(k, Py, B).

Theorem 2.1. Let F=H+G (H and G being given by 1.2). If

Y H{k+p=8)+alk+p— 1)}l +

(ke B) +alk 4 pt 1)} b [0 (kb ) (2.1)

(p+05)+alp+1)
<=0~ {[1+(p+b—u—1)t]”
Proof. Let F=H+G in (2.1), we get

(1 + ac) [ HE)Y) = EHRGENT | [AG)
Re{ TieH () + 1iG() " }_Re{B } -

} bp|, 0 < B <1 then F € EZ;ﬁ(kz,p,a,B).
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where A(z) = (1 + aei‘ﬁ)[[z(];fiH(z))’] — [z(];lutG(z))’]] — oze"‘ﬁ[lgf;fH(z) + ];JG(Z)]

and B(z) = I} H(z) + I}, G(2)].

Using the fact that Re w(z) > g if and only if |1 — S+ w| > |1 + 5 — w| [5], it is

sufficient to show that

A(2) + (1= §)B(2)| — [A(z) — (1 + B)B(=)| > 0.

Substituting for A(z) and B(z), we get

[A(2)+(1=8)B(2)|=|A(z) = (1+8)B(2)| = [[(1 + ae”)[[=(Ly, H (2))] = [2([;1G ()]

—ac [N H(2) + L G(2)+(1=B) [ H (2) + [7G(2) )H—H(H@e”‘i’)[[z(IZﬁH(z))']
B G — ac® [ H () + [HGE) — (1+ A HE) + G|

= |(1+ ae®) [pz? + 352, (k + p)v" (k, p, b, t, u)ag 2"

= S Uk + P (k. p bt )b 77

— ae'? [zp + > W (kyp byt w)ag 2P+ 307 ™ (K, p, bt u)bkﬂ,zk“’]} +

(1—5) [zp + > Wk, p, byt w)ag 2P+ 307 v (K, p, b, u)bk+pzk+17]] | —
(1 + ae'®) [p2? + 3252, (k + p)y" (k, p, 0.t w)appz" 7

= ok + P (kb )by 2

— ae' [Zp + Yo (ke p byt u)ag 2P 4+ 300 U (R p, bt u)mﬂ —

(L B) |29 3002 (R, by L )i 277 o 053 0" (b, )b 27|
=|[(p+1-8)+alp—1)e?] 2>+

Sk +p+1=08)+alk+p— 1)l (k,p,b,t,u)ay,z"*?

—> ol +p—148) +alk+p+1)e)™(k,p, b, t, u)byip2"*7|
—[[(p—1—0)+a(p—1)e?] 2> +

Y lk+p—1—=5)+alk+p— e (k, p, by t, w)ag, 2" P

> o+ p+148) +alk+p+ 1) (k, p, b, t, u)bgypz" 7|

>2(p = B)|2P =232, [(k+p = B) + ok +p = 1)] " (k,p, b, t, u)agyp| |27
=230 [(k+p+8) +alk+p+1)]"(k p, bt ) b 2147

2|(p-0) — { (e e D ] o

1+ (p+0 1)t]"
235 (b4 p— )+ alk+ p— 1)] 67k, pr b, ) a2
=257 [(k+p+B)+alk+p+ )] (k,p, b, t,u)beyp||z|FTP > 0.
Since |z| < 1solet z — 17. By virtue of (2.1), this implies that F' € X" (k; D, B).
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Theorem 2.2. Let F=H+G € C(p). Then F € CZZﬁ(k,p,oc,B) if and only if

> Kk +p—8)+alk+p—1)} x|
k=1

+{(k+p+B) +alk+p+ 1)} [beypl]" (k, p, b, t, u)

<o) - {2l A, osp<r ey

Proof. Since C’E%(k,p,a,ﬁ) C Eﬁ(k,p,oz,ﬁ) , we only need to prove ’only if’
part of the theorem. To this end, for functions f of the form (1.2) with condition
(1.4), we notice the condition

Re (1+ ae)[[z(I; H(2))] — [2(1;,G(2))]]
I H(z) + 1), G(2)

— (™ + ﬂ)} > 0. (2.4)

The above inequality is equivalent to
Re[|(1 4 ae™) [pzF + > 5o (k + p)v™(k,p, b, t, u)ag, 2P

= ok + P (k,p, bt w2
— (e’ + ) [zp + > Uk, p, bt w) g, 2P 4 3 0™ (K, p, bt U)bk—&—pzk—i_p]} X

— -1
{zp + 20 V" (R p, bt w)an 2P 4 300 0 (K, p, b u)bk+pz’f+p} ] >0.
or

Re[{p+ alp—1)e® —B)} + 302 Lk +p—B) +alk+p— 1)} v"(k,p, b, t,u)

ak+pz - Zk O(k +p) {(k +p+ B) + a<k +p+ 1)ei¢} ¢n<kvpa bata U)b/ﬁ—pzk]
-1

o) n ? 00 n 7 I
X {]‘ + Zk;:l ¢ (k:7p7 b7t7 u)ak-‘y—pzk + ; Zk:ol/} (k’p7 ba t7u)bk+pzk} Z 0.

Thus condition must hold for all values of z, such that [z| = r < 1. Choosing ¢
according to the condition and noting that Re {—ae¢} > —ale®| = —a,the above
inequality reduces to

o0

o+ atr=1) - 8) - { (T D ) - >_H(k+p=5) +alk+p-1)

|arpl + {(k +p+ B) + alk +p+ 1)} bapl] 9" (k, p, 0,8, u)r"

o0 e} -1
| {1 = " (kyp, byt w)aggprt + > 9" (k,p,bit, u)!bk+plr’“} >0 (2.5)

k=1 k=0
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Letting r — 17 and if the condition (2.3) does not hold, then the numerator
in (2.5) is negative. This contradicts our assumptions that F' € C’E%(k‘,p, a, B3).

Hence F € CZZ’;(k’,p, a, ).
For Y 02 | [ Xutpl + D g [Yitp| = 1, the harmonic univalent function

P (p_ﬁ) +p
P& =24 Gy B v atk p - D10t b

(»—B)

Visp2ttP (2.6)

shows that equality in the coefficient bound given by (2.3) is sharp.
Corollary 2.3. Let F=H+G € C(1). Then F € Cy(k,1,a, 8) if and only if

[e.o]

S Uk +1—=8)+ak}arp| + {(k+ 1+ B8) + a(k + 2)} [brsal] " (k, 1, b, t,u)
k=1

gu—m—{fjgfj?}mros5<1 (27)
where ]
" (k,1,b,t,u) = (2.8)

1+ (k+b—u)t]
(b,t > 0,u €[0,b],p € N,n € Ny,z € D).
Corollary 2.4. Let F=H+G € C(1). Then F € CX! (k, 1,0, 8) if and only if

>k +1=8)+ak}arsa| + {(k+ 1+ ) + alk +2)} [bega || 0" (k, 1w, t,w)

k=1

<(1-B)—{(1+p) +2}|b), 0<f<1. (2.9
where )
wn(k,l,u,t,u) = m (210)

(b,t > 0,u € [0,b],p € N,n € Ny,z € D)

3. Distribution Theorem

Theorem 3.1. Let the function F(z)=H(z)+G(z) defined by (1.2) be in the class
CEZﬁ(k,p,a,B). Then for |z| =r < 1, we have

(p+B) +a(p+1)] .
Mt (prb_u_ el G

[F'(2)] < (1+[bp )+ [1+(p+b—u)t]* [(p—5) =
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and

[(p+5) +alp+1)]

[F'(2)] > (1— |bp|)7ﬂp_ L+ (p+b—ut]"[(p—8) - 1+ (p+b—u— 1)

" |bp|]7"p+1-

(3.2)
The result is sharp for the function (2.6).
Proof. We prove only the left hand inequality. Let F' € CZZ’i(k, p,«, B). Taking
the absolute value of F(z), we have
F()] > (L= [b)r? = 3 {lausy] + [} 4
> (L= [bp)r? — 71 3707 {larsp] + [Draspl}
> (=[P —{[1+ (p+b—u— 1"} P 5700 {(k+p—B)+alk+p—1)}
|aip| +{(k+p+B) + alk+p+ 1)} bripl]" (k,p, b, T, u)

> (1= [bp)r? = [1+ (p+b—u—1t]"[(p— B) - [f(f?ﬁ b+ - ipf 11>1]]

S lbpJrP

4. Extreme Points

Theorem 4.1. A function F = H+ G € CZZﬁ(k,p, a, ) if and only if F(z) can
be expressed in the form

F() = 3 ey Flsy + BeonGisy) (a1)

where .
Hy(2) = 27, Hpyp(2) = 22 + (T a(gtpﬁ_} Tt p i) (k> 1)
4.2
Griplz) = 27 + {p = 5} () > 0), "

{(k+p+ ) +alk+p+1}en(k,p,b,t u)
V" (k,p, b, t,u) is given by (1.8) and >3~ o (Agtp + Brip) = 1 with Ay, > 0, By >
0. In particular the extreme points of CEZZ(/{:,p, a, ) are Hyyp and Giy,p.

Proof. Let F(z) be of the form (4.1). Then we have

F(z) = Zzio (Ak+p + Bk+p) 2P

N, {p— 5}
+ 25 {(k+p—-08)+alk+p—1}y"(k,p,b,t,u)

00 p_ﬁ} k+p
20 {(k+p+8)+alk+p+1}yn(k,p, b,uu)B’““’Z '
{p_ﬁ} A Sktp
(k+p—B)+alk+p—1}¢n(k,p,b,t,u) 7

- p— k+
+ - b '
ko ((ktp+h) +alktpt Lyonlh,pbtu) "P°

Ak+pzk+p

:Zp+22°:1{
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Furthermore, let

|a | — {p - /B} A
Tkt p—B) +alk+p— 1y en(k,p,btu) T
and |byy,| = {p = B} B
ML Sk +p+ B+ alk+p+ 1 on(k,p, b t,u) T
Now, iz, { e et ) } b )
T { Ukt f; i g;’“ totl) } kbt )b

= > Apsp T Y ong Brip = 1— 4, < 1. So F € OS5} (k, p, a, B).
Conversely, suppose that F' € CEZﬁ(k,p, a, B).
ﬂk+p+ﬁ%+dk+p+1ﬂ}

Settlng Ak-i—p = wn(k7p7 b7t7 u)|ak+p| (k: > ]‘)

(»—
kE+p+8)+ak+p+1
and Ay =137 Ay — 2170 Brp:
Therefore,
F(z) =2 + 2211 |ak+p|zk+p + ZZO:O |bk+p|zk+p

— P o0 {p_ﬁ} »
B S [y pry e T AR R

0 b— 6 P
+z¥ﬂ{%+p+5%+Mk+p+1”¢%hn@t@3ﬂﬁ“
= 2P+ 3 0 [Akrp {Hiip(2) — 2P 4 20020 [Brap {Grap(2) — 271
So 1(2) = 32520 (ArspHisp(2) + BrapGrap(2)) -

5. Convex Property

Theorem 5.1. The class C’E%(lﬁ,p, a, f) is a conver set.

Proof. Let the function Fj, ;(j = 1,2) defined by

Froipg(2) = 2243000 ki |25+ 300 0 [Brtp,i] 2577 be in the class CXp (K, p, o, B).
It is sufficient to prove that the function

H(z) = tFiyp1(2)+(1—1)Frip2(2) (0 <t < 1) is also in the class C’Efj(k,p, a, ).
Since for (0 <t < 1),

H(z) = 2P+ 3007 [Hansp |+ (L =) arsp2l] 257+ 300 o [E0rp |+ (L =) [brp 224
With the aid of theorem (2.2), we have

S (54— 8) + alk+ p— D] 9" (k,p,byt, @)tk + (1 - agpal]

+ 2ok +p+B)+alk+p+ )] (kp, byt w)[tbgsp| + (1 — 1) [bripal]

=t> 5 {(k+p—B)+alk+p—1)}|arp] +

(BT P+ B)+ alk+p+ D} Prspald (b, p, byt ) +
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)Y et {(E+p—=B) +alk+p—1)} |aripal +

(1—

{(k +p+ 6) + O_/(/{J +p+ 1)} |bk+l),2]¢n(k7pa bvt7u)
<t{[(p—ﬁ)— [(p+ﬁ)+a(p+1)] | H

= [ p

+(p+b—u—1)"

+<1—t>{[<p—5> “p”””( ”]nuu}

14+ (p+b—

<{io-n- [[(p”)*”“ i}

I+(p+b—u—1)t""

Hence H(z) € CEZi(k’,p, a, B).
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